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Abstract 

It is proved that, if if is a complete discrete valuation field of mixed 
characteristic (0,p) with residue field satisfying a mild condition, then 
any abelian variety over K with potentially good reduction has finite 
i -Q . i4T(i ; ir 1 / ptX) )-rational torsion subgroup. This can be used to remove 

certain conditions assumed in some theorems in Iwasawa theory. 

1 Introduction 
> 

Let K be a complete discrete valuation field of mixed characterisic (0,p), 
where p is any prime number. The theorem of Imai (|16j) mentioned in the 
title states that, if K is a finite extension of the p-adic number field Q p and A 
is an abelian variety over K with good reduction, then the torsion subgroup 
^ ■ of A(K([ipoo)) is finite, where /i p oo denotes the group of roots of unity of p- 

power order in a fixed separable closure K of K. In this paper, we generalize 
this theorem as follows: Let M be the extension field of K obtained by 
adjoining all p-power roots of all elements of K x (so in particular it contains 
fipoo and is an infinite Kummer extension over K(ii p oo)). We say that a field 
is essentially of finite type if it is an algebraic extension of finite separable 
degree over a purely transcendental extension of a prime field. 

Theorem 1.1. Let X be a proper smooth variety over K with potentially 
good reduction, and i an odd integer > 1. Let V := if| t (X^,Z) ®^ Q and 
T a Gx-stable Z-lattice in V . Assume the residue field k of K is essentially 
of finite type. Then, for any subfield L of M containing K, the Gl- fixed 
subgroup (V/T) Gl ofV/T is finite. 



Here and elsewhere, a variety over K means a separated scheme of finite 
type over K, and Xr denotes the base extension X ®k K of X to a sep- 
arable closure K of K. For any field K, we denote by Gk = Gdl(K/K) 
the absolute Galois group of K. A typical example of L as in the theorem is 
L = K(n p oo,p l / pC °) = U n >ii^(/i p tx),p 1//pn ), which is often referred to as a "false 
Tate extension" and studied in recent Iwasawa theory. In the case where X 
is an abelian variety, i — 1, and L = K(fi p oc), we recover Imai's theorem. 
We should also mention that there is another direction of generalization, due 
to Coates, Sujatha and Wintenberger Q6j), to the case of higher cohomology 
groups (rather than our H°(M, V) = V Gm ) of a general X (but with "clas- 
sical" K and L = K([i p oc)). There can be other types of extensions L/K 
for which (V/T) Gl is finite; see [24] for instance (cf. also [31] and [32] in the 
global case). 

In the Theorem, the assumption that i be odd is essential. If i = 2j 
is even and X is defined over an algebraic number field k contained in K, 
then (part of) the Tate conjecture asserts that the cycle map CH J (X/k)Q ^> 
HJ(Xk,Q p (j)) Gk is injective, and hence the p-part of (V/T) Gl has corank 
> dimq^CW (X / k)q) if L D K(fi p oo). The assumption of potentially good 
reduction is also essential, because otherwise H^X^, Q P ) can well have sub- 
quotients of even weights no matter how i is odd. If the residue field k is too 
large, then Hl t (Xj^, Qe) Gh may be non-zero for £ ^ p; for example, if X has 
good reduction with special fiber Y and k is separably closed, this space "is" 

HL(Y h Qi)- 

To proved the theorem, it is enough to prove the case L = M. Let V and 
T be as in the theorem and, for each prime number £, let Ve and Te be their 
£-th components, respectively. We prove the theorem by showing: 

(1) (V P /T P ) G « is finite; 

(2) (V e /T e ) G *' is finite for all £ ^ p; 

(3) (V e /T e ) G ^ = for almost all £ ^ p. 

In fact, the assumption of oddness is needed only for (1) and the assumption 
on the residue field is needed only for (2) and (3). In each case, we use a 
kind of weight arguments, if the residue field k is finite, the proof becomes 
fairly simple. The general case is proved essentially by reducing to this case 
via "specialization". 

After some preliminaries in Section 2, we prove (1) in Section 3 and prove 
(2) and (3) in Section 4. Actually, each part can be proved in a slightly more 
general setting. The more general and precise version of Theorem 11.11 is the 



following (For the terminologies "geometric", "weights" and "somewhere", see 
Definition I 



Theorem 1.2. (i) If p p : Gk —* GLq (V p ) is a geometric p-adic representa- 
tion of odd weights somewhere and T p is a Gx-stable Z p -lattice in V p , then 
(V p /T p ) Gl is finite for any subfield L of M containing K . 

(ii) Let I ^ p. Assume the residue field k of K is essentially of finite type. If 
Pi : Gk — > GLq^(V^) is a geometric l-adic representation of non-zero weights 
somewhere and Te is a Gx-stable ^-lattice in Ve, then (Ve/Te) GL is finite for 
any subfield L of M containing K. 

(Hi) Assume the residue field k of K is essentially of finite type. Let {pe)e^K be 
a geometric system of l-adic representations of non-zero weights somewhere, 
where A is a set of prime numbers. Let V = n^gA ^ ^ e the direct product 
of the representations spaces Ve of pi, and let T = YlteA^ be a Gx-stable 
Tj-lattice in V . Then, for any subfield L of M containing K, we have: 
(iii-1) (V e /T e ) GL = for almost all £ ^ p. 

(Hi- 2) Assume p p is of odd weights somewhere if p G A. Then (V/T) Gl is 
finite. 

Theorem 11.11 follows from Theorem 11.21 immediately, upon noticing stan- 
dard facts on p-adic and £-adic cohomologies ($5]). 

As the original version of Imai's theorem did, our theorems have applica- 
tions in Iwasawa Theory, some of which are worked out in Section O Here we 
use only the "p-part" of the theorems. Our extension M/K is in some sense 
a maximal one among the simplest non-abelian extensions as considered in 
the recent study of non- commutative Iwasawa theory. The simple structure 
of Gdl(M/K) is exploited in the proofs of Lemmas 12.21 12.31 and Theorem 11.21 
(end of §4). 

Convention. In the proofs, we often replace the base field K by a finite 
extension. If (Pk) is a proposition with base field K, we say that "(Pa - ) 
holds after a finite extension of K" if there exists a finite extension K' jK 
such that (Pr 1 ) holds. 
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2 Preliminaries 

In this subsection, we prove some elementary lemmas which are used in the 
proof of Theorem 11.21 and in the applications in Section [6j The first one is 
already noted in [16j: 

Lemma 2.1. Let G be a group, p : G — > GLQ e (V) a Qe-linear representation 
of G, and T a G-stable TLt-lattice in V. Then the following two conditions 
are equivalent: 

(i) V G ± 0; 

(ii) (V/T) G is infinite. 

Proof. The implication (i) =>■ (ii) is obvious. Conversely, suppose (V/T) G is 
infinite. Then for any n > 1, the set 

{T/£ n T) G \ {£T/£ n T) G 

is non-empty. These sets form a projective system, and its limit T G \ £T G is 
also non-empty, being the projective limit of non-empty compact sets ([26J, 
Chap. 2, Sect. 2, Lem). Hence V G ^ 0. □ 

Let M be, as in the Introduction, the extension field of K obtained by 
adjoining all p-power roots of all elements of K x . Set G := GaA(M/K) and 
H := Gal(M / K (fipoo)) . Then H is an abelian normal subgroup of G and the 
p-adic cyclotomic character x '■ G — > Z* identifies G/H with a subgroup of 
Zp . We can check easily that 

(1) GTG- 1 = T X{a) 



for all a G G and r G H. Let E be a topological field, and consider continuous 
E'-linear representations p : G — > GLe{V) of G on finite-dimensional E- 
vector spaces V For an integer m > 1, let p m denote the group of m-th roots 
of unity (in a suitable separably closed field depending on the context). 

Lemma 2.2. (i) Fix an integer n > 1. Then there exists an integer m, 
which is a power of p and depends only on K and n, such that, for any 
representations V as above of dimension n, H m acts unipotently on V. 
(ii) Fix a V as above. Then after a finite extension K'/K, the subgroup H 
acts unipotently on V . 

Proof. Let r be any element of H and Ai, ..., A n (n = dirn^V)) the eigen- 
values of p{r). By the relation (JTJ), we have 

{A!,...,A n } = {A? (CT) ,...,A^} 

for all a G G. In particular, we have \f C {Ai,...,A„} for each i. Since 
x{G) is open in Z* there is an integer e > 1 such that 1 + p e G x{G)- F° r 
each i = l, ..., n, there is an r« (1 < r, < n) such that A^ p ' = A». Let 

(2) rri = LCM{(l+p e ) r -l| 1 <r <n}. 

Then we have A™ = 1 for all i. Note that this m! depends only on x{G) 
(or the group fi p oc(K) of p-power roots of unity in K x ) and n = dirri£;(V). 
In fact, an eigenvalue of r is of p-power order if it is a root of unity, since 
r is an element of a pro-p group. So if m denotes the p-part of m', then 
we have A™ = 1 for all i. Thus the subgroup H m = {r m \ t G H} of H 
acts unipotently on V; this proves (i). Then the semisimplification of the 
restriction of p to H is, after a suitable extension E'/E of scalars, a sum of 
characters H/H m — > p m . Hence it is trivialized by a finite abelian extension 
of K(p,poo), which is in fact obtained by composing a finite extension K'/K 
with K(p, p x); this proves (ii). □ 

Lemma 2.3. Let k^ be the residue field of M , and let fcjv/,ab be the maximal 
abelian extension of k contained in kM- Let M^ be the maximal abelian 
extension of K contained in M. Then: 

(i) The abelian groups Gal(M a b/ K(p p0 o)) and Gal(/cjv/,ab/^) have finite expo- 
nents. 

(ii) If k is finite, then the extension k^i/k is finite. 



Proof. Put G = G&l{M/K) and H = Gal{M/K(n p oo)). Let x ■ G ->■ Z p x be 
the p-adic cyclotomic character. By ([T]), we have 

(G,G) D (G,H) D H*^- 1 

for all a £ G. Let M a b be the maximal abelian extension of K contained in 
M. We have surjections 

H/H^- 1 -» iJ/lGTcJ = Gal(M ab /iT( / i p o )) -» Gal(fc M ,ab/^), 



where (G, G) is the topological closure of (G, G) in G and fc M is the residue 
field of K(pL p oo). Note that k^ is of finite degree over k. Choose a a G G such 
tha x(°") 7^ 1- Then, since H/ H x<yCr ^ 1 is abelian of finite exponent, so are 
Gal(M ab /i ; f(/^pcx))) and Ga\{k Mab /k^), and hence so is Ga\{k M>abh /k). 

If fc is finite, then &M,ab = &m- Since H is isomorphic to the p-adic comple- 
tion of K x /((K(/i p °o) x ) p nK x ), wehavedim ¥p (H/HP) < dim ¥p (K x /(K x ) p ), 
and the latter is finite if K is a finite extension of Q p . Hence kujk is fi- 
nite. □ 

Remark. If K does not contain a primitive p-th root of unity, then we can 
choose a a G G as in the above proof such that ord p (x(cr) — 1) = 0. It then 
follows that M a b = K(fi p oc,) and &M,ab — &m> anc ^ that, if k is finite, &m = k^. 

3 £>~ a dic representations 

Let K be a complete discrete valuation field of mixed characteristic (0,p). 
To define the weights of p-adic representations of G&-, we first recall: 

Definition 3.1. Let A be a ring and o : A — >■ A a ring homomorphism. 
A (^-module over (A, a) is a pair (.D, </?) consisting of a free A-module .D of 
finite rank and a cr-semilinear map ip : D —)■ D. 

In the following, a <£>- module may be denoted simply by D. If D is a 
y?-module over a Witt ring W(fc) over a perfect field of characteristic p, then 
the a is always the Frobenius endomorphism (x n ) i— )■ (x^) of W(fc). 

Recall that a q-Weil integer of weight w > is an algebraic integer a 
such that |i(a)| = g w / 2 for all field embeddings i : Q(a) ^->- C In this paper, 
we call an algebraic number a a q-Weil number of weight w if either a is a 
g-Weil integer of weight w > or oT x is a g-Weil integer of weight — w > 0. 
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Definition 3.2. Let F be the fraction field of the ring of Witt vectors W(F g ) 
over the finite field ¥ q of q = p d elements. A y9-module D over VF(F g ) or F 
of rank n is said to have weights Wi,...,w n if the characteristic polynomial 
det(T — <p d ) has coefficients in Q and the roots are g-Weil numbers of weight 
Wi,...,w n . (Here, <p d denotes the d-ih. iterate of <p, which is a W(¥ q )- or 
F-linear endomorphism of D.) 

We say that D has pure weight w if W\ — ■ ■ ■ — w n — w. The same remark 
will apply to Definitions 13.31 (2). 14.11 and 14.21 below. 

Suppose for the moment that the residue field k of K is perfect. Let 
p : Gk — > GLq (V) be a de Rham representation (cf. e.g. [TO], Sect. 3), 
where V is a finite-dimensional Q p -vector space. Then it is in fact potentially 
semistable (|lj). Suppose V becomes semistable as a representation of Gk 1 , 
where K' is a finite extension of K. If k' denotes the residue field of K' and 
K' Q denotes the fraction field of the ring of Witt vectors W(k') over k', then 
a filtered ((p, iV)-module D st (V) is associated with the G^-representation V 
(cf. e.g. [10], Sect. 5); it is a yj-module over K' . 

For K with general (not necessarily perfect) residue field k, we make the 
following definition, which is motivated by Proposition 15.31 

Definition 3.3. (1) An extension K'/K is said to be admissible if 

- K' is a complete discrete valuation field which is the completion of an 
algebraic extension of K; and 

- the residue field k! of K' is perfect. 

(2) A continuous representation p : Gk — > GLq p (V^) is said to be geometric 
of weights W\, ..., w n somewhere if there exists a set of data (K'/K, O, V, /) 
in which: 

- K'/K is an admissible extension with residue field k' such that p\a , is 
semistable, 

- O is a cr-stable p-adically complete Z p -subalgebra of W(k'), 

- T> is a ^-module over (9, and 

- / : O — > W(¥ q ) is a ring homomorphism for some power q of p, 
such that: 

(a) there is an isomorphism T> ®e> K' Q — > D st (V\G K ,) of (^-modules over the 
fraction field K' of W(k'); and 

(b) T> ®oj F, where F is the fraction field of W(¥ q ), has weights w\, ...,w n 
in the sense of Definition 13.21 



Remarks, (i) This definition requires only that the representation p is ge- 
ometric of certain weights w%, ...,w n at "one point" / : O — > W(¥ q ). In 
practice, the same should hold "generically" over Spf(O) (cf. §2.1). For our 
purposes, however, we need only the above weaker assumption. (The same 
remark applies to Definitions 14.11 and 14.21 ) 

(ii) If p is geometric of weights w\,...,w n somewhere and K'/K is a finite 
extension, then the restriction p\c K , is also geometric of the same weights 
somewhere (in fact, "at the points lying above /"). 

The r-th Tate twist Z p (r) of the trivial representation Z p has weight — 2r. 
If X is a proper smooth variety over K with good reduction, then the i-th 
etale cohomology group V := Hl t (X K ,Q P ) has pure weight i somewhere (in 
fact, "almost everywhere"; see Sect. [5]). 

As in the Introduction, let M be the extension field of K obtained by 
adjoining all p-power roots of all elements of K x . Put G = Ga\(M/K) and 
H = Gal(M/K (ppca)). The following proposition settles Part (i) of Theorem 
0(cf. Lem.ElD: 

Proposition 3.4. // p : Gk — >■ GLq (V) is a geometric representation of 
weights w\, ..., w n somewhere and all Wi are odd, then V M = 0. 

Proof. By passing to an admissible extension of K, we may assume that 
K has perfect residue field. Let W := V M . It can be regarded as a 
representation of G — Gal(M/K). By (ii) of Lemma I2.2[ after another 
admissible extension of K, the subgroup H acts unipotently on W . Then 
G/H = Gal(K {ppoo) J ' K) acts on the semisimplification of V. Each simple 
factor is again de Rham. By the next lemma, it has even weights, contra- 
dicting the assumption of odd weights, unless V GiI = 0. □ 

Lemma 3.5. Let W be a semisimple de Rham representation of Gk which 
factors through Ga\(K (p p oo) / K) . Then W becomes isomorphic, after a finite 
extension of K , to a direct-sum Q p (r x ) © • • • © Q p {r m ) of Tate twists of the 
trivial representation Q p for some Ti G Z. In particular, W has even weights. 

Proof. We may assume that W is simple (in which case the ?Vs as above 
will be all equal). Then E := EndQ p [G K ](W) is a finite extension of Q p 
by Schur's lemma (as W is simple of finite dimension over Q p ), and the 
action of Gk on W is given by a character p : Gk — > E x . Replacing K by 
a finite extension, we may assume that all the Q p -conjugates of E can be 
embedded into K; we regard henceforth E and its conjugates as subfields of 
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K. Set T E := HoniQ (E, K). Since p is Hodge- Tate and the inertia subgroup 
of Ga\.(K(/i p oa)/K) is of finite index, it follows from [25] (Chap. Ill, Sect. 
A5, Cor. to Thm. 2) that p coincides, after a finite extension of K, with 

p '■= Yl ae r E a ~ l ° XaE for some n <> e z > where \ uE '■ G uE -> U uE (where 
U a E denotes the unit group of aE = a(E)) is the character describing the 
G CT E-action on the Tate module of a Lubin-Tate group associated with aE 
(it depends on the choice of a uniformizer of aE, but its restriction to the 



inertia group does not). Note that p is in fact defined on G a ~, where E is 



E 



the Galois closure of E/Q p and G ah denotes the maximal abelian topological 
quotient of a topological group G. Since p factors through Ga\(K {p p °°) / K) , 
so does p through Gal(E(p p00 ) / E) , and hence we are reduced to the case 
K = E and p = p. If we think of p as a character of E x via local class field 
theory, then (|25j. Chap. Ill, Sect. A4, Rem.) for x G C/g, we have 



(3) p(x) = 1| <r- 1 N S/irB (x- 1 ) n - = ]J 



a- l (x- l ) ns 



a£T E °£F is 



where N^, E : E x — > aE x is the norm map and the integers n^ are defined 

by the rule n„ = n a if a\ E = c. Since the restriction map Gal(E(/j, p c°)/E) — > 
Gal(Qp( / u p oo)/Q p ) is injective, the character p is invariant by the action of 
Gal(E/Q p ). Then the ra^'s in ([3]) are all equal, because Gal(E/Q p ) acts on 
Tg transitively and the family (n#) is determined uniquely by the restriction 
of riser ~{o~ l ) n ° ^° an y non-trivial open subgroup of U E . If n„ = r for all 
a G T E , then p(x) = N e ,q (x _1 ) r for x G U E , showing that p coincides with 
the r-th power of the p-adic cyclotomic character on the image of U E — >• 
Gal(E(p p oo) / E) , which is of finite index in Gdl(E(p p °o) / E) . Thus W is 
isomorphic to Q p (r)®^- E: ^ when restricted to this subgroup. 

Since the weights are invariant by finite extensions of K, the weights of 
W are 2r, ...,2r. □ 

4 ^-adic representations 

In this section, we prove Theorem 11.21 after introducing a few key definitions 
I4.1l and [4.2l Although these definitions look very complicated, they are moti- 
vated by the natural example Vg = H l et {X^, Q^) as in Proposition 15.11 whose 
proof hopefully explains the reasons for such definitions. 
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Let K be a complete discrete valuation field with residue field k of char- 
acteristic p > 0. Let p : Gk — > GLq £ (V) be an £-adic representation of Gk- 
Assume £ ^ p for the moment. 

Definition 4.1. (1) Let k be a finite field with q elements. An £-adic repre- 
sentation p : G K — > GL^fV) of dimension n is said to be of weight w\,...,w n 
if the characteristic polynomial of p(Frob K ) has coefficients in Q and the 
eigenvalues of p(Frob K ) are g-Weil numbers of weight W\, ...,w n . 

(2) An £-adic representation p : Gk — > GLq e (V) of dimension n is said 
to be geometric of weight w\, ..., w n somewhere if there exists a set of data 
(K'/K, S, s, p' s ) in which: 

- K'/K is a finite extension such that the semisimplification p' = {p\g k ,) ss 
of the restriction of p to Gk 1 is unramified (so that p' is regarded as a repre- 
sentation of the Galois group G^ of the residue field k' of K'), 

- S = Spec(v4), where A is a subring of k! whose fraction field is of finite 
type over the prime field ¥ p , 

- s is a closed point of S, 

- p' s : G K i a \ — > GLq^(V) is an £-adic representation, where k(s) is the residue 
field of s, 

such that: 

(a) p' extends to a representation p' s : G K (s) - > GLq^V) of the Galois group 
Gk(S) of the fraction field k(S) of A (note that there is the restriction map 
G^ — > G K (s)), 

(b) p' s \d s = p' s ° r, where D s is a decomposition subgroup (c Gy) of s and 
r : D s — > G K ( S ) is the natural surjection, and 

(c) p' s has weights wi, ..., w n in the sense of (1). 

Note that these properties are preserved by a "finite extension" of (S, s). 
Thus if p is geometric of weights W\, ...,w n somewhere, then so is p\c K , for 
any finite extension K'/K. 

In what follows, we assume that the residue field k of K is essentially of 
finite type. 

Here we could prove Part (ii) of Theorem 11.21 The proof is, however, the 
same if the pi is a member of a system (p^gA of £-adic representations; hence 
for the sake of brevity, after some more discussions, we shall prove Parts (ii) 
and (iii) of the theorem at once, assuming the pi of (ii) is a member of (pi)ee\ 
in (iii). 

Next we consider geometric systems of £-adic representations. Let A be 
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a set of primes numbers, and (pije^A be a system of £-adic representations 
Pi : Gk —* GLq^V^) of a fixed dimension n. 

Definition 4.2. The system (pijeeA is said to be geometric of weights w%, ..., w n 
somewhere if pi is so for all £ G A, where K'/K and A C fc' as above are 
taken in common for all £ G A \ {p}; thus we require the following conditions: 

- p p is geometric of weights w±, ...,w n somewhere in the sense of Definition 

£31 (2), 

- there exists a set of data (K'/K, S, s, (p' e J^eA\{p}) i n which (K'/K, S, s) is 
as in Definition 14. 1[ (2), and p' is : G K ( s -\ — >■ GL^fV) satisfies the following 
for each £ G A \ {p}: 

(a) p' e extends to a representation p' iS of G K ($), 

( b ) P*,sk =P^ or > and 

(c) p^ s has weights ui\, ...,w n . 

Remark. It is known that, under a mild condition (that "no finite extension 
of k contains all £-power roots of unity" - this is the case if k is essentially of 
finite type (cf. the Introduction)), there exists a finite extension K'/K such 
that (p|g x /) ss becomes unramified (|28j, Appendix). For example, K'/K can 
be taken to be the extension corresponding to the kernel of "p (mod £)" if 
£ 7^ 2 ("p (mod £ 2 y if £ = 2). However, when we consider a system of £-adic 
representations, it is not clear if we can take such a finite extension K'/K 
in common for all £. Nevertheless, we can do so for representations coming 
from geometry by the following ([2], Prop. 6.3.2): 

Proposition 4.3. Let X be a variety over K. Then there exists a finite 
extension K'/K such that the action of the inertia subgroup of Gk 1 on 
Hl t (Xx, Qi) is unipotent for all £ ^ p. 

Remark. In Definition 14.21 above, we could vary the weights w\, ..., w n along 
£, but this would not happen in geometry. Moreover, the characteristic poly- 
nomials of the Frobenius pt (Frob s ) should be independent of £ (cf. Conjecture 
Cwd(A a , m) in Section 2.4.3 of [Hj). However, we will not use this property 
in the following. 

Let (pe)eeA be a geometric system of £-adic representations pe : Gk — > 
GLiQ e (Ve) of weights wi, ..., w n somewhere. We shall employ a kind of weight 
arguments as follows to deduce information on the Frobenius eigenvalues. Let 
(K'/K, S, s, (p' £ S )^ G A X { P }) be a set of data as in Definition 14.21 Let L/K be an 
algebraic extension and L' = LK' the composition of L and K' with respect 
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to some embeddings L ■=-)■ K and K' ■=->■ ^. Let fc[/ be the residue field of 1/ 
and A/,/ the separable integral closure of A in ky (recall that S = Spec (A) 
and A is a subring of k'). Let s' be a closed point of Spec(Azy) lying above 
s. Assume it has finite residue field k(s'), so that we have the geometric 
Frobenius element Frob s / € G K ( s iy Since the restriction map Gk L , — > G k ^a l ,) 
is surjective (where K,(Ay) is the fraction field of Ay), by abuse of notation, 
we shall write p^Frob,,/) for p^ s (Frob s /). Then the eigenvalues of p^(Frob s /) 
are |«;(s')|-Weil numbers of weights w\,...,w n . Part (i) of the next lemma 
follows from this immediately: 

Lemma 4.4. Let the notations and assumptions be as above. Assume further 
that Wi j^ for all i. Then: 

(i) p£(Frob s /) has eigenvalues ^ 1 for all I G A\ {p}. 

(ii) p£(Frob s /) has eigenvalues ^ 1 (mod £) for all but finitely many £ G 
A\{p}. 

Proof. We prove (ii). With no loss of generality, we may assume that uij > 
(and so the eigenvalues of p^(Frob s ') are algebraic integers). By defi- 
nition, p^(Frob s /) has eigenvalues of absolute values \k(s')\ W: > > 2 , and hence 
there appear only finitely many polynomials as the characteristic polynomi- 
als Pg{T) = det(T - p e (Frob s/ )) G Z[T] when leA\{p} varies. Let P{T) 
be the product of these polynomials. Since Wj ^ 0, we have P(l) ^ 0. Then 
p^Froby) has eigenvalues ^ 1 (mod £), for all £ such that P(l) ^ (mod 
£). ' D 

Now we can complete: 

Proof of Theorem \1.2l By replacing K by a finite extension K' as in Defini- 
tion 14. 2\ we may assume that the intertia subgroup Ik acts unipotently on 
Vg for all £ G A \ {p}. Let Tg be the £-th component of T. 

(i) By Lemma [2.11 and Proposition 13. 4[ (V p /T p ) Gm is finite. 

(ii) For IgA\ {p}, let Wg be the semisimplification of V e M considered 
as a representation of G = Gal(M/K). By Lemma 12.21 the subgroup H m 
acts trivially on Wg, where H = Gal(M / K (fi p00 )) and m is an integer as in 
12. 2p . Let L = M Rm be the extension of K(fi p00 ) corresponding to H m , and 
let kfj, and kz be the residue fields of K(n p00 ) and L, respectively. Note that 
k^ is a finite extension of k. Let (S = Spec(A), s) be part of the data as in 
Definition 14. 2\ A^ the separable integral closure of A in k^, and s' a closed 
point of Spec(Ai) lying above s. Since k^/k^ is abelian of exponent dividing 
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m, the residue degree [k(s') : k(s)] also divides m. Thus we can apply (i) of 
Lemma |4~41 to conclude that pe(Fiob s i) has eigenvalues 7^ 1 for all £ G A\{p}. 

rr-i (~* 

This contradicts the fact that H m acts trivially on We, unless W e = for 
aU I e A \ {p}. 

(iii) By (i) and (ii), we only need to prove (iii-1). To prove that (Ve/Te) GM = 
0, it is enough to show that (Te/£Te) GM = 0. Let Wg be the semisimplifica- 
tion of (Tg/£Tg) M considered as a representation of G. By Lemma 12721 again. 
the subgroup H m acts trivially on Wg. Arguing as above and applying (ii) 
of Lemma [4.4[ we conclude that pg(Frob s /) has eigenvalues ^ 1 (mod £) for 
almost all £ £ A \ {p}. This contradicts the fact that H m acts trivially on 
W e , unless (Te/£T e ) GM = for almost all £. □ 

5 Cohomologies 

Theorem 11.11 follows from Theorem 11.21 by noticing the following: 

Proposition 5.1. Let X be a proper smooth variety over K with potentially 
good reduction, and i an integer > 0. Then the representations pe '■ Gk — > 
GL<Q e (Ve) on the i-th £-adic cohomology groups Vg = Hl t (Xj^,Qe) form a 
geometric system (pe)e^A of pure weight i somewhere, where A is the set of 
all prime numbers. 

Remark . The "somewhere" here is in fact "almost everywhere", as can be seen 
from the proof below. 

Proof. Replacing K by a finite extension, we may assume that X has good 
reduction over K. Let X be a proper smooth model over Ok of X, and let 
Y := X ®o K k. Then Y is in fact defined over a subring A\ of k which is 
finitely generated as an F p -algebra. Let y denote this model over A\. Since 
y has generically good reduction, it has good reduction at every closed point 
t of an open subscheme T\ of Spec^x). Let y t := Y x T Spec(n(t)) and 
3% := Y Xt ± Spec(fi;(t)), where n(t) is the residue field of t. Then we have the 
following proposition (cf. p2], Sect. 2): 

Proposition 5.2. For any prime number £ 7^ p, we have a canonical iso- 
morphism 

K t (X K ,Qe) ~ H^y^Qe) 

which is compatible with the actions of D t and G K (t). 
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Here, D t is a decomposition subgroup of t, which is a subgroup of the 
absolute Galois group of the fraction field k of A. We have canonical ho- 
momorphisms Gk — > Gk ^— ' D t — > G K (t), and Gk acts on the left-hand side 
through Gk — > Gk — >■ Gk - The compatibility in the proposition is with 
respect to the map D t — > G K ( t y Since y t is proper smooth and defined over 
the finite field K,(t), the representation on if| t (3%, Q^) has pure weight i by 
the Weil Conjecture ([7], [g]). 

Next we consider the p-adic cohomology By replacing K by an admissible 
extension, we may assume that the residue field k is perfect. Then we have 
([22], Cor. 3.4): 

Proposition 5.3. There exist a formal scheme T = Spf(O), where O is a 
p-adically complete formally smooth 7j p -subalgebra of W(k) such that 0\ := 
O ®z 1F P is a localication of an ¥ p -subalgebra of k of finite type, a model y 
of Y over T\ := Spec(Oi), such that, for any closed point t G T\, we have 
canonical isomorphisms H l crys {y /T) ®o W(n(t)) ~ HI (y t /W (n(t))) and 
Hl rys {y/T)® W{k)^Hl Tys {Y/W{k)). 

Note that the ring homomorphism O — > W(K,(t)) is the Teichmiiller lift 
of the homomorphism 0\ — > K(t) corresponding to the morphism {£} ■=->■ 
Ti. Put V = Hl rys (y/T) and let K be the fraction field of W(k). By p- 
adic Hodge theory ([9], [29], ...), we have V ®o K ~ D CIys (H l ct (X K , Q p )). 
By Theoreme 1.2 of [3] (cf. also Thm. 1 of [19j and Rem. 2.2 (4) of [22]), 
H % crys (y t /W(K(t))) has pure weight i. 

Thus, with all £-th factors together, (pe)e£\ forms a geometric system of 
pure weight % somewhere in the sense of Definition 14.21 □ 

6 Applications 

In this section, we give a sample of applications of Theorem 11.11 to Iwasawa 
theory (Similar generalizations should be possible with (the global versions 
of) the extensions studied in [24J, but we restrict ourselves to our M/K). 
Throughout this section, let F be an algebraic number field (:= a finite 
extension of Q), p a prime number, F cyc the cyclotomic Z p -extension of F, 
and M the extension of F obtained by adjoining all p-power roots of all 
elements of F. 

The first application is to a version of Mazur's control theorem (|21j) for 
an extension L/F contained in M, which may be larger than F cyc ; this gives 
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a particular case to which a theorem of Greenberg ([12]) is applicable. Recall 
that, for an abelian variety A over an algebraic numer field F, we define 

Sel p (A/F) := Ker I H\F, Alp 00 ]) -► Y[H\F v , A)[p c 

\ v 

where the product is over all places v of F, F v is the completion of F at v, 
and, if L/F is an algebraic extension, 

Se\ p {A/L) := lim Sel p (A/F'), 



F< 



where the limit is taken with respect to the restriction maps when F' runs 
over the finite extensions of F contained in L. 

Theorem 6.1. Let A be an abelian variety over F which has potentially good 
ordinary reduction at all places of F lying above p. Let L be a p-adic Lie 
extension of F which is contained in M and is unramified outside a finite 
set of places of F. Then, for any finite extension F'/F contained in L, the 
restriction map 

s L/F , : Sel p (A/F') -> Sel p (A/L) G ^ L ^ 

has finite kernel and cokernel. Furthermore, the order o/Ker(s£/pv) is bounded 
as F' varies. 

Proof. This has been proved by Greenberg ([12], Thm. 1) if L/F is an ad- 
missible extension such that A(L)[p°°] is finite (here, a p-adic Lie extension 
is said to be admissible if, for any place v of F dividing p, we have d' v = i' v , 
where 0„ = Lie(D v ) (resp. i„ = Lie(/„)) denotes the Lie algebra of a de- 
composition (resp. inertia) group of v in GeA(L/F), and (•••)' denotes the 
derived Lie algebra). Since the finiteness of y4(L)[p°°] is known by Theorem 
II. 1[ it remains for us to prove the admissibility of the extension L/F. If the 
residue degree of L/F at v is finite, or equivalently, if I v is of fintie index in 
D v , then we have d v = i v and a fortiori d' v = i' v . This is indeed the case for 
our L/F, since M/F has finite residue degree at v by Lemma 12.31 □ 

Next we generalize some results of Kurihara and Hachimori to apply to 
the generalized Euler characteristic of fine Selmer groups. Let E be an elliptic 
cure over F, and let Sb a d — Shgd(E) be the set of finite places of F at which 
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E has bad reduction. Let S be a finite set of places of F which contains 
Sbad U S p U Soo, where S p is the set of places of F lying above p and S^ is the 
set of infinite places of F. Let F$ denote the maximal Galois extension of F 
unramified outside S. Let L/F be ap-adic Lie extension unramified outsie S. 
Put G = Gal (L/F), A(G) = Z P [G] := lim Z p [G/£7], where £7 runs over the 

open normal subgroups of G, and Iq := Ker(A(G) — ¥ Z p ) the augmentation 
ideal. Let T P (E) denote the p-adic Tate module of E. Define 

m\ : = lim H\F S /F',T P (E)), 



where F' runs over the finite extensions of F contained in L, and the limit 
is taken with respect to the correstriction maps. This M. l L has a natural 
structure of continuous A(G)-module. The following theorem is a variant of 
Kurihara's (|20j, Lem. 4.3) and Hachimori's (|13j, Thm. 1.3): 

Theorem 6.2. Assume p > 3 and that F is an abelian extension of Q 
which contains the p-th roots of unity. Let a be an element of F x and let 
L := F(jUpoo, a 1 ^ 00 ) be the extension of k obtained by adjoining all p-power 
roots ofl and a. Assume also that the elliptic curve E is defined over Q and 
has good ordinary reduction at every v G S p . Then we have: 

(Ell) rank Zp (Hi// G ei) =rank A{G) (Hi). 

(16.21 2) The homology group Hi(G, M\) is finite for any % > 1. 



Proof. For the brevity of exposition, let us first write down some conditions: 

(IQ3) E(L)\p°°] is finite. 

(J04) H 2 (F s /L,E[p°°}) = 0. 

(16315) Sel p (£/L) v is a torsion A(G)-module. 

fl06) rank A(G) (Sel p (E/L) v ) = E^fc : Q p ]. 

(J07) rank A(r) (Sel p (E/F cyc ) v ) = E« e5? [^ : QJ- 

Here, S* p s is the set of places in S p at which E has supersingular reduction, 

and A(r) is the Iwasawa algebra of T — Gal(F cyc /F). By Kato ([18J; cf. 

the discussions following Theorem 2.8 (pp. 451-452) of [15j), the condition 

(16.21 7) holds if E/Q has good reduction at p. By Hachimori and Venjakob 

(PS], Thm. 2.8), we have (E2J7) => (15^16) (note that G = Gal(L/F) does not 

contain p-torsion elements). By our assumption S p s = 0, we have E^es ss [-^« : 

Q p ] = 0, and hence (16.21 5) holds. By Hachimori and Venjakob ([15J, Thm. 
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7.2), we have flH2J3) + (1Q15) => (J04), where ((03) is true by our Theorem 
ED By Hachimori ([13], Thm. 1.3), we have (IQ13) + P4) => pi) + 

P2). □ 



Next, we give an application of Theorem 16.21 For an elliptic cure E over 
F and a p-adic Lie extension L/F contained in Fg, we define the fine Selmer 
group of E over L by 

Rp(E/L) := lim R p (E/F J ), 

F' 

where 

flp(£/F0 : = Kerl^^/F',^-])^ H\F' V „ E\p°°}) 
\ ves F/ 

Here, Sf> is the set of places of F' lying above S. 

Theorem 6.3. Assume thatp > 3, F/Q is abelian, and that the elliptic curve 

E/F is defined over Q and has good ordinary reduction at every v G S p . Let 

L/F be as in Theorem \6.2l Assume further that: 

(Ell) R P (E/F) is finite. 

Then the following two conditions are equivalent: 

(16.31 2) R p (E/L) has finite G-Euler characteristic. 

(16.31 3) The natural map 

K/IgK ~* H l (F s /F,T p (E)) 

has finite kernel. 

Proof. The conclusion of this theorem has been proved by Hachimori ([13J, 
Thm. 3.1) (cf. also [5J) under the assumption of (lOll). (JQ2). 04), and 
the following two conditions: 

(16314) H^G^E^lp 00 ]) and H\G W , E(L w )[p°°]) are finite for aU % > and 
w e S L - 

Q05) ™nk Zp (M 1 L /I G M 1 L )=r a nk Zp (H 1 (Fs/F,T p (E))). 

The same theorem of Coates-Sujatha and Hachimori says that, under the 
assumption of (16.31 1). (16.21 2) and ( 16.21 4). the last condition ( 16.31 5) is equiv- 
alent to ( 16.21 1). The truth of (16.21 4) was shown in the proof of Theorem 16 .2\ 
and the condition (16.31 4) holds by Theorem 11.11 (cf. [27J, §4.1). Hence the 
theorem follows. □ 
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Next we turn to the study of the generalized G-Euler characteristics of 
the usual Selmer groups. Let L be a p-adic Lie extension of F which contains 
F cyc , and put G = Gal(L/F), T = Gal(F cyc /F), and H = Gal(L/F cyc ). For 
ap-primary discrete G-module N, let (H % (G , N) , di) be the complex defined 

by 

di-. H\G,N) 4 H°(T,H\H,N)) 4 H\l \H\H,N)) 4 H l+l (G,N), 

where f\ (resp. gA is the restriction (resp. inflation) map and <pi is the natural 
map H { (H,N) r ->■ H i (H,N) r . Let K = h { (G,N) be the z-th cohomology 
group of this camplex. We say that the G-module N has finite generalized 
G-Euler characteristic if ft is finite for alH > and h l = for all but finitely 
many i. If this is the case, we define 



X (G,N) := I](#ff 



i>0 



Recall that we define 

UIe/f '■= Ker 



(^(F,^)-). JJff 1 ^,^) 



Theorem 6.4. Assume p > 5. Let L be a p-adic Lie extension of F such 
that M D L D F cyc and L/F zs unramified outside a finite set of places of 
F. Put G = Gsl(L/F), H = Gal(L/F cyc ) and T = Gal(F cyc /F) = G/H. 
Assume G contains no p-torsion elements. Let E be an elliptic curve over F 
which has good ordinary reduction at every place v G S p . Assume further the 
following two conditions: 

(KT411) m E/F [p°°} is finite. 

fhl2) Selp(F/L) v /Selp(F/L) v [p°°] is finitely generated as a A(H)-module. 

Then Sel p (E/L) has finite generalized G-Euler characteristic if and only if 
Se\ p (E/F cyc ) has finite Y-Euler characteristic. If this is the case, we have 



X (G,Sel p (E/L)) = X (r,Se\ p (E/F cyc ))x 



n^' 1 ) 



v€T 



where T is the set of finite places v \p of F at which the inertia group in G 
has infinite order, and L V (E, s) is the v-th Euler factor of the L-function of 

E/F. 



Proof. This has been proved by Zerbes ([23], Thm. 1.1) under the additional 
assumption that H l (H, E(L)[p°°}) and H l (H w , E v (k w )) are finite for alH > 
and v G S p , where H w is the decomposition group in if of a place w of L 
lying above v , E v is the reduction of E mod v, and n w is the residue field 
of w. These conditions hold because E(L)\p°°] is finite by Theorem 11.11 and 
E v (k w )[p°°} is finite since k w is finite by Lemma [2.31 D 

Next we address the question of the existence of non-trivial pseudo-null 
A (G)-sub modules of Selmer groups. Recall that a continuous A(G)-module 
JV is said to be pseudo-null if Ext\ (G) (N, A(G)) = for i = 0, 1 Q30J). 

Theorem 6.5. Assume p > 3. Let L be a p-adic Lie extension of F con- 
tained in M and unramified outside a finite set of places of F. Assume 
G = Gal(L/F) has no p-torsion elements. Let E be an elliptic curve over F 
which has good reduction at every v G S p . Assume further the following two 
conditions: 

( 16.51 1) dim(G„) > 2 for any finite place v of F at which E has bad reduction. 
(Here, G v is a decomposition group of v in G.) 

(16.51 2) Se\ p (E/L) v is a torsion A(G)-module. 

Then Sel p (E/L) v contains no non-trivial pseudo-null A(G)-submodules. 

Proof. This follows from Theorem 3.2 of [14j, with the help of Theorem 7.2 
of [15J and our Theorem ll.il (For dim(G v ) > 2 at v G S p , see Lemma 3.9 of 
[15] . Note also that the residue fields of L at places above p are finite (Lem. 
[273]) and that L/F is deeply ramified at v G S p (0], Thm. 2.13). □ 



Remark. We have the same conclusion as in the above theorem without 
assuming (16.51 2) if 

- F is abelian over Q and contains Q(/x p ), 
-ID F cjc and dim(G) = 2, and 

- E is defined over Q and has good ordinary reduction at all v G S p . 
This is because one can show (16.51 2) as in the proof of Theorem 16.21 
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